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Abstract 

Several schemes to introduce finite width effects to reactions involving 
unstable elementary particles are given and the differences between them 
are investigated. The effects of the different schemes is investigated nu- 
merically for W pair production. In e + e~ — > W + W~ we find that the 
effect of the non-resonant graphs cannot be neglected for y/s > 400 GeV. 
There is no difference between the various schemes to add these to the 
resonant graphs away from threshold, although some violate gauge invari- 
ance. On the other hand, in the reaction 77 — > W + W~ the effect of the 
non-resonant graphs is large everywhere, due to the i-channel pole. How- 
ever, even requiring that the outgoing lepton is observable (p± > .02y/s) 
reduces the contribution to about 1%. Again, the scheme dependence is 
negligible here. 
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1 Introduction 



Although a general treatment of unstable particles in quantum field theory 
has been given a long time ago the technical difficulties especially in the 
context of gauge invariance are considerable and need careful investigations. 
Recently, several authors [Q, ||, |I| proposed a gauge invariant procedure to 
include consistently higher order corrections at the Z pole. As an example 
of a 2-resonance production process, finite width effects up to one-loop have 
been calculated for e + e~ — > ZZ Here we will present a computation of 
the tree level cross section for W-pair production in various schemes. This 
reaction introduces two new elements: non-resonant diagrams diagrams can not 
be separated from the resonance production diagrams in a gauge invariant way, 
and (in contrast to the case of Z pair production) large unitarity cancellations 
are present in e + e~ collisions, which may dramatically enhance gauge violating 
terms in the cross section. 

The differences between these various schemes constitute the 0(T) correc- 
tions to the reaction. Note that these are formally of the same order as the 
one-loop corrections (T/M oc a), and these must thus be combined properly. 
This will be the subject of a forthcoming paper ||. 

We compare several methods used to compute the off-shell effects, some of 
which are gauge variant or have unacceptable properties near threshold. Next 
we consider what the practical implications are for the total cross section of W 
pair production, both at LEP II and at future linear e + e~ and 77 colliders. 
(The latter are constructed out of an e~e~ collider by Compton scattering of 
an intense laser beam [0].) In many channels W pair production is the major 
source of events, either as a signal to study the properties of the W boson 
H or as background to more exotic processes @. In both cases a thorough 
understanding of the standard model prediction is required. 

The layout of this paper is as follows. In section |2| we list the various schemes 
that can be used to evaluate cross sections for reactions involving (charged) 
unstable elementary particles, and their shortcomings. Next we perform this 
calculation for e + e~ — > W + W~ (section [|) and 77 — » W + W~ (section ||), 
discussing the applicability of the various approximations. 

2 Methods 

There are various methods to compute the cross sections for reactions involving 
unstable particles. We will give a list of these, with discussions of their merits, 
in this section. For simplicity we first discuss the schemes for a single unstable 
particle and give the extension to two particles later. The prototypical reaction 
will be e + e~ — ► W + pTv^ with the W + considered stable. 

The first approximation to a process whose leading contributions factorizes 
into the production and decay of unstable particles is the narrow width ap- 
proximation. One treats the unstable particles as stable in a production cross 



1 



section and multiplies with the relevant branching ratios, obtaining 



If 2 r 

cnwa = — I dPS e + e -^ w + w -\M e + e -^ w + w -\ x 



2 w W-^-p-Vf, 



- J dPs e+e -^ w+w -^-^\M e+e -^ w+w -\ 2 x ^pJ M a) 

where dPS a b^ c d denotes the phase space element. 

This fails to take into account terms of 0(T); the corresponding dimen- 
sionless parameter will usually be T/m (about 1/40 for the W), but can be 
m 3 F/X(s, m 2 , m 2 ,) near a threshold for the production of particles 1 and 2 in 
the expansion of the phase space factor \/A- The narrow width approximation 
is not defined below the threshold for production of the unstable particle. 

Above threshold the most important of these 0(T) corrections are included 
by simply using the on-shell expression for the matrix element, but treating the 
kinematics and unstable particle propagator off-shell. This off-shell propagator 
is derived by resumming the one-loop corrections to the propagator, giving rise 
to a simple Breit-Wigner propagator 1 / (p 2 — m 2 + imT) with T defined by 
the relation^ mT = tmn(m 2 ) in terms of the self energy II. We refer to this 
procedure as the "resonant" scheme: 

l_ fr pq \M e+e -^ w+w -\ 2 x \M w -^- u f 

Vres ~ ^ J d^ e+e -^ W+fl - n - u , ip 2 w ^_ m 2 w) 2 +m 2 wT 2 w ■ W 

The amplitude thus has the form 



p^- - m 2 w + im w Y w 



where 6i)/(p 2 v - — m^) denotes the amplitude resulting from the reso- 

nant diagrams, i.e. those diagrams which contain a W which can be on-shell in 
the kinematically allowed region. (These are given in Fig. @ for the full process.] 
The essential variable in this amplitude is the virtuality p\y- of the W~ . The 
other kinematical variables are assumed to be angles, which are independent of 
p\y-- We will suppress them from now on. It can easily be verified that the 
narrow width approximation follows from the limit T — > in Eq. @). Below 
threshold the resonant cross section is zero, as i?(m^) = 0. 

The next step is usually to also evaluate the matrix element off-shell, thus 
to use an amplitude 



R(p 2 w- 

p l w - - mfy + im w T w 



we refer to this procedure as the "off-shell" method. This also gives an answer 
below threshold. In the case of a charged resonance however, this procedure 
violates f7(l) em -gauge invariance, even if the width is given by the physical 

1 This approximation may not be sufficient in the threshold region and can be replaced by 
an s-dependent expression of the form mT —* sT/m. 
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(on-shell) quantity, which is gauge invariant. The reason is that the original 
resonant graphs are not the only graphs which lead to the particular final state: 
non-resonant graphs (like those of Fig. have to be included. Only the sum of 
these graphs is gauge invariant for m w anc ^ an unresummed unstable 

particle propagator. 

The "naive" way to include these non-resonant graphs is to just add them 
with a complex mass: 



R{p 2 

V 2 W - ~ m^y + im w Y w 



Mnaive = ~ W~ + N(p 2 W -), (5) 



where N{p^_) denotes the contribution from the non-resonant graphs. How- 
ever, as the amplitude was gauge invariant for Tyy = it follows that it must 
be gauge variant for Tw > (if the resonant graphs are not separately gauge 
invariant). We will discuss the size of these gauge breaking terms at the end of 
this section. 

An obviously gauge invariant procedure to include the non-resonant graphs 
was introduced by Zeppenfeld et al. There, resonant and non-resonant 

terms are multiplied by the common factor (p 2 — m 2 )/(p 2 — m 2 + imT): 

2 \ J2 ™2 



RiPw-) , p 



-HOI = ~ p- + 2 V 2 T- V N ^W-l (6) 

Pw- — m w + im wL w P — m + tfni- 

The price to save gauge invariance in this "overall" scheme is of course an incor- 
rect treatment of the non-resonant contribution close to mass shell. However, it 
can be argued that here the difference is of higher order in this region of phase 
space. We thus have a prescription which is correct to leading order both on 
resonance and away from it, but these contributions are formally of different 
order in a. Still, when the non-resonant graphs are large this may be a sensible 
approximation . 

Another gauge invariant way to include the off-shell effects is to system- 
atically separate orders in V. A similar procedure was used for instance in 
Ref. H to include the higher-order corrections at the Z-pole correctly. In this 
"polescheme" the matrix element has the form 



KA - R ( m WJ , 

- /v 'pole — 2 o . ■ ^ ~r 



p A w . - m'fy + im w Y w 



R(j?^-)+N(p^) (7) 



with 



k(A _. m^t^M (8) 

Pw- - m w 

As the residue at the pole p\y- = m^y is gauge invariant one can add the finite 
width in the first term without breaking gauge invariance. This corresponds 
to adding and resumming only the gauge invariant part of the propagator cor- 
rections. In this scheme the cross section is given as the sum of the resonant 
cross section plus 0(T) corrections, which are both gauge invariant. (The half- 
resonant term 2Re[i^(m^)(.R(p^_) + N(p 2 v ^))/(p 2 v _ - + imw^w)] and 
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the non-resonant term + N(p 2 v _)\ 2 are of the same order in Ty/ af- 

ter integration over p w J)- It is thus a natural starting point for higher order 
corrections. A detailed discussion on the one-loop corrections will be given in 
aRef. @. 

However, the polescheme also has some undesirable properties. The first 
(resonant) term has a discontinuity when the threshold for the production of 
the unstable particle is crossed. Approaching from below, one even encounters 
the original (non-resummed) singularity in the propagator. The accuracy of 
this scheme is thus doubtful around threshold. 

Below threshold we thus have the following unsatisfactory situation: the 
narrow width scheme is undefined; the resonant cross section is zero and the 
polescheme diverges. The other schemes give a finite answer, but are otherwise 
flawed. It may be surmised that the problems in the threshold region can be 
traced back to the low momenta of the W bosons there, which have time to 
exchange photons. One does thus not expect a lowest order or one-loop com- 
putation to give a reliable answer. A bound-state calculation (as recently per- 
formed for top production or resummation of the resulting ladder graphs 
looks necessary here. 

The extensions for reactions with two unstable particles in the final state 
are largely straightforward. One now finds not only graphs of 0{T) but also 
of C(r 2 ); the doubly non-resonant graphs. In the case of e + e~ — ► 4 fermions, 
these are only present when there are electrons in the final state In 77 collisions 
they are always present. In the polescheme one can systematically neglect these 
graphs; in the case of two similar particles like W + W~ the O(r) corrections 
are just two times the size of the corrections to the process with one particle 
regarded unstable^]. 

Below threshold one has to be very careful in the polescheme; in case of the 
production of two identical particles (and nothing else) can one regain a finite 
expression by symmetrizing: 



G ' dPS e + e - ^4 fermions 2 2 



■ 2 , ml 



0(Pw- ~P\V+) RiPwz - "Mr- 1 
2 2 
Pw+ ~ m w 



p z w - - m w + im w T w 



R(Pw+ , Pw- ) ~ R(Pw+ » m w) ,„2 2 
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+ w—™-' — w/ +N(p' w+ , P ^) +( W + ~w-m 

Pw- - m w 

Of course this expression still diverges as s — ► Am w . 

Finally, we compute the order of the difference between the three schemes 
that include the non-resonant graphs. The difference between the "overall" 
scheme and the polescheme in the matrix element squared is 

l2 l2 Jm(R^m w )[R(p 2 w .)+N(p^ w _ 

\M po ie\ ~ = -2m w T w - 



{P 2 w- ~ m w) 2 + m w T w 
R( Pw -)+N(p 2 w .) 2 



+ m-w^W l\ 2 \? , T~tW (10) 

(Pw- ~ m w) + m w T w 



If the decay products are treated identically experimentally. 
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The first term, which is of OiT) relative to the resonant term, is proportional to 
the Levi-Civita tensor e^upaPiP^PsPti with the pf four independent momenta. 
This term will disappear when integrated over a set of reasonably symmetric 
cuts^]. Note that this is not the case in general in doubly differential cross 
sections. The second term is of OiT 2 ) and thus negligible in our approximations. 

The difference between the gauge variant "naive" formulation and the po- 
lescheme is given by 



|.Mpole| 2 " IM 



Im(( 



Pw- 



m 



2 w )^{p 2 w ^N(p 2 w _)-R^m 2 w )R(p 



w- 



(p 2 



iv - 



»<r, )^ + m 2 v Y 2 v 



4) 2 



+ m w T w 



R(p 2 w -)\ +2Re(R\p 2 w „)N(p 2 w _) 



(p 



2 

W " 



m 



2 )2 A_ m 2 p2 



(11) 



w 1 - w 



Again, the 0(T) term will disappear when integrated over a symmetric part 
of phase space, and the difference (including the gauge breaking terms) are of 
order T 2 . 

A summary of the six different schemes we have defined in this section and 
their properties can be found in table [l]. 



3 e + e- W+W~ 

Depending on the cm energy y/s of this reaction, two complementary aspects 



of the problem are revealed. Even at highest possible LEP II energies [ 1 2 [ 
the inherent unitarity cancellations are at most of the order of a few percent 
of the total cross section whereas the effect of the TV-width amounts to more 
than 10%. Testing the Standard model predictions within reasonable limits at 
LEP II requires therefore an accuracy of the calculations below 1% and thus a 
detailed analysis of the width effects. On the other hand at energies y/s ~ 500 
GeV fl3|l the finite width effect is small but the unitarity cancellations account 
for more than an order of magnitude. Any gauge breaking term induced by 
resummation or the omission of non-resonant graphs may thus be enhanced 
and could upset any prediction of the model. 

In the following we will illustrate numerically the general results obtained 
in the previous section. For definiteness we consider e + e~ — > udjjLV^ in the 
a-scheme; therefore we use the fine structure constant a, Mz = 91.177 GeV 
and correspondingly Myy = 80.23 GeV as input parameters. The value for the 
TV-width is then Tyy = 2.072 GeV, assuming mt = 140 GeV and van = 100 
GeV [ji!]] . We work in the unitary gauge. 

The resonant diagrams are the well known s- and t-channel diagrams given 
in Fig. 0. In addition there are many non-resonant diagrams with essentially 
3 different topologies. Imposing appropriate restrictions on the 4 fermion final 
state (no electrons), only annihilation- type diagrams (like in Fig. |2|) contribute. 
Since the flavor content of the final state does not alter gauge cancellation, it 



3 To be precise, the cuts should not introduce more than one spatial direction other than 
the beam axis so that there are no more than three independent four vectors after integration. 
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is clear that diagrams with the other topologies form gauge invariant subsets 
by themselves. The result for the resonant diagrams using a Breit-Wigner type 
propagator has been given some time ago [15]. In Ref. [O], the annihilation 
type non-resonant diagrams has been added. In Fig. || we show the results 
of an explicit calculation of all the schemes discussed so far. Except below 
threshold, where only some schemes give a non-zero result, and the narrow 
width approximation near threshold, they all agree to within a few percent. 
The differences with the doubly resonant cross section are shown in Fig. |(| 

The difference between the gauge invariant "overall" scheme and the "naive" 
results of [16] is completely negligible over this range of \/s, at least in the 
unitary gauge that we use. The only sizable effect of the non-resonant diagrams 
is obtained for energies close to threshold and above 400 GeV. Otherwise, taking 
the resonant diagrams off-shell and ignoring the non-resonant graphs gives a 
very good description. 

The two gauge invariant calculations agree very well down to 180 GeV. At 
yfs = 185 GeV the difference is 0.4%. Closer to threshold the two procedures 
start deviating significantly. Since the "overall" scheme result mistreats the 
non-resonant terms, whereas the polescheme is highly discontinuous, we take 
this difference to indicate our ignorance of the threshold region. 



4 77 -» W+W- 

The resonant and non-resonant Feynman diagrams for the reaction 77 — ► 
£~U£W + are given in Figs || and ||] respectively. To restrict ourselves to the 
0(T) corrections we consider the W + stable; otherwise doubly non-resonant 
diagrams are needed for a gauge invariant result. The total corrections with 
both W bosons unstable are about twice the size of the corrections given here. 
(In the polescheme the factor 2 is exact, up to 0(T 2 ) terms). 

This reaction is important at possible future 77 colliders to study the WWj 
coupling and as a background to missing p± physics ||. The non-resonant 
diagrams contain large logarithms log(mj / s)Tw /mw in the total cross section 
(as appear in the similar diagrams for the reaction 77 — * e + e~ Zq). To suppress 
these we impose a pj_ cut on the outgoing leptons, p±(£) > 0.02^; this should 
give an indication of detector acceptance. With this cut the contribution of 
the non-resonant diagrams is again very small, about 1% over a large range 
in y/s. The difference between the different schemes to include these diagrams 
is negligible, even near threshold. In this calculation we work in the 't Hooft- 
Feynman gauge. 

A more realistic picture is painted in Fig. I| where we have folded the 
cross section with the lowest order spectrum resulting from the conversion of 
the electron beam in a photon beam via Compton scattering [Q]. The same 
conclusions hold here. 
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5 Conclusions 



A study has been made of various schemes to handle processes with unsta- 
ble particles in intermediate states. The application of these schemes in two 
processes, e + e~ — ► 4 fermions and 77 — > e~i> e W + shows that in general the 
corrections due to the width of the W boson are small, at least when the phase 
space is taken off-shell. 

As was shown before, for e + e~ collisions the non-resonant diagrams become 
important only at threshold (where the signal is low) and at high energies 
(^/s > 500 GeV). At least in the commonly used gauges we worked in, there 
is not much difference (less than 0.5%) between the various gauge invariant 
and gauge variant schemes to include the non-resonant graphs. This violation 
of U(l) em gauge invariance is apparently not amplified by the large unitarity 
cancellations which occur in these processes. Near threshold we encounter some 
uncertainties. 

For 77 collisions the non-resonant graphs contribute much less, after a mild 
p± cut. The difference does not amount to much more than 1% over a large 
range of energies and even close to threshold. 

Acknowledgements We would like to thank Daniel Wyler and Reinhold 
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A Table 



name 



kinematics 



matrix element 



R{m z ) 

R{m 2 ) 

p2 _ m 2 _|_ 

R(p 2 ) 

p2 _ m 2 _|_ j m p 

R(p 2 ) 

p2 _ m 2 _|_ j m p 

R(p 2 ) 

p2 _ m 2 _|_ j m p p2 _ m 2 _|_ j TO p 

2 r +i?( P 2 ) + ivb 2 ) 



gauge 
invariant 



threshold behaviour 



narrow width 
resonant 

offshell 

naive 

overall 

polescheme 



on-shell 
off-shell 

off-shell 

off-shell 

off-shell 

off-shell 



N(p 2 



2 1 

p — m 



N(p 2 



yes 
yes 

no 



yes 
yes 



undefined below threshold 
zero below threshold 

wrong below threshold 

ok 

ok 

wrong around threshold 



Table 1: A summary of the six different schemes to treat unstable particles 
defined in section ||] 



B Figures 




Figure 1: Resonant diagrams for e + e — ► jj, v^ud 
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Figure 2: Two of the four non-resonant diagrams for e + e — > fi v^ud 




+ crossed 

Figure 3: Resonant diagrams for 77 — » l~D{W + 




+ crossed + crossed 

Figure 4: Non-resonant diagrams for 77 — > £~i?eW + 
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Figure 5: Cross sections for e + e~ — > iT'v^ud in the different schemes defined in 
the text. The "overall" scheme yields results which are indistinguishable from 
those of the "naive" scheme. 
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Figure 6: Relative differences with the doubly resonant cross section for e + e 
yTVpud. The scatter is due to limited integration accuracy. 
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Figure 7: Cross sections for 77 — ► l~i)(W + in the different schemes defined 
in the text, with p±(£) > 0.02y/s^ and a monochromatic laser beam. The 
difference between the "naive" and "overall" schemes is again not visible on 
this plot. 
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Figure 8: Differences with the doubly resonant cross section for 77 — ► i~i>iW + 
as a fraction of the resonant cross section. The full 0(T) corrections, including 
the width of the W + , are about twice this size. 
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[Pb] 




Figure 9: Cross sections for 77 —* i V(W + in the different schemes defined 
in the text with a more realistic photon spectrum Q; again we demand that 

p ± (£) > 0.02^; 
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Figure 10: Relative differences with the doubly resonant cross section for 77 — > 
(ri>(W + with a realistic photon spectrum (Tj. Again, the full 0(T) corrections, 
including the width of the W + , are about twice this size. 
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